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ABSTRACT

Utilizing the work of Quinn (1990), a new extension of La-
grange’s equation in terms of quasicoordinates is presented.
“Global” forms of velocity and kinetic energy have been used in
conjunction with identities introduced by Quinn, allowing a
single equation, in a form similar to Newton’s 2nd law, to repre-
sent the entire set of rotational equations of motion for a system.
This method may be used if the energies are explicit functions of
angular velocities and coordinate transformation matrices. A
new identity is introduced which represents the elimination of
Coriolis terms for the entire system. The formulation is appli-
cable to a large class of problems in the dynamics of structures,
including spacecraft, robots, ground vehicles and aircraft.

This formulation has been used in the simulation of a nontriv-
ial problem. Roboticists and biologists, working with biologi-
cally inspired robotics, are interested in the exceptional locomo-
tion capabilities of the cockroach. A 36 degree of freedom
model is used to represent the movement of the cockroach, Bla-
berus discoidalis. Six 5 degree of freedom legs support a freely
translating and rotating body. The model is driven by joint an-
gles obtained by processing high speed video of the cockroach’s
locomotion, and mass and length parameters are taken directly
from the roach. Results have been consistent with those ob-
tained previously by other researchers.

INTRODUCTION

Legged locomotion may permit the negotiation of very rough
terrain. Insects, for example, show great skill and robustness in
this task. Hence, there is an interest in building walking robots
with mechanical designs and locomotion controllers inspired by
those of insects. Many insect-based robots have been developed
recently which show promise for walking autonomously on

rough terrain (Donner, 1987; Brooks, 1989; Ferrell, 1993; Pfeif-
fer et al., 1994; Espenschied et al., 1994),

Based on this success of using biological inspiration to build
walking machines, it is clear that a better understanding of the
insect’s mechanics and control system is necessary to take fur-
ther advantage of this strategy. To help gain this understanding,
it is useful to construct a dynamic model of the insect so that
simulations may be performed along with biological experi-
ments

A dynamic simulation of the walking-stick insect was devel-
oped to aid in the design of a hexapod robot which is kinemati-
cally similar to this insect (Pfeiffer et al., 1991; Pfeiffer et al.,
1994). An optimization strategy was used to determine the joint
torques in the simulation because there are more unknowns
(joint torques and ground reactions) in the formulation than
equations. A simplified simulation of a robot which is loosely
based on the stick insect has also been developed (Quinn and
Lin, 1993). In this case, the mass of the legs which are in stance
is neglected, permitting a closed-form relationship between the
ground reactions and the joint torques. Also, proportional-
derivative feedback control was used to drive the joints to follow
their given moving equilibrium points according to the hypothe-
sized mammalian muscle model (Bizzi and Mussa-Ivaldi, 1990).
A dynamic simulation has been incorporated into a three dimen-
sional animation of animal and robot running (Raibert and
Hodgins, 1991).

Lagrange’s equation in terms of quasicoordinates is especially
useful for formulating the equations of motion (EOMs) for
structures which undergo finite rotations in three dimensions
(Meirovitch, 1970). In this paper, a formulation of Lagrange’s
equation in terms of quasicoordinates developed previously
{(Quinn, 1990) has been extended into a global form for tree-like
multibody structures. A “global” form of kinetic energy is used
in conjunction with identities introduced in the previous paper,



permitting a single matrix equation, in a form similar to New-
ton’s 2nd law, to represent the entire set of rotational equations
of motion for a system. This method may be used if the energies
are explicit functions of angular velocities and coordinate trans-
formation matrices, which is the case for many multibody sys-
tems. This formulation is applicable to a large class of problems
in the dynamics of structures, including spacecraft, robots,
ground vehicles, and aircraft.

One of the drawbacks of a Lagrangian formulation is that it
results in many Coriolis terms which, when added, are zero.
The elimination of these terms results in an efficient formula-
tion. However, in a general matrix approach, these terms are
difficult to identify. In this paper a global form of an identity is
introduced which permits a straightforward cancellation of these
terms.

As an example, this new dynamic formulation for multibody
systems is applied to the simulation of a cockroach (Blaberus
discoidalis) for the purpose of designing a walking robot which
is kinematically similar to the insect. A 36 degree of freedom
(DOF) model is used to represent the movement of the animal.
There are six legs and each leg has three rigid segments (coxa,
femur, and tibia) and five rotational degrees of freedom: three at
the body-coxa joint, one at the coxa-femur joint, and one at the
femur-tibia joint. The animal’s body is treated as rigid and it is
free to translate and rotate in three dimensions. The insect’s
mechanics are actually more complex, including a flexible fourth
leg segment called the tarsus and additional body segments.

The input to the simulation includes the massive, inertial, and
geometric properties of the animal. The joint motions of the
animal as functions of time are also input to the simulation.
This data is determined by digitizing and processing high-speed
video of the cockroach. The output of the simulation includes
joint torques, body motions, and ground reactions. Body mo-
tions can be compared directly with those of the insect on
videotape. Ground reactions have been measured directly by
biologists (Full et al,, 1991). Preliminary results have been
consistent with those obtained previously (Quinn and Lin, 1993;
Full et al., 1991).

DYNAMIC FORMULATION

Lagrange’s Equation in Terms of Quasicoordinates

Considering only structures undergoing finite rotations in
three dimensional space, one form (Quinn, 1990) of Lagrange’s
equation in terms of absolute quasicoordinates ( ) can be ex-
pressed as

d| 6T | ~ &T T v
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where the following definitions are used. M is a set of mo-
ments which are defined by virtual work requirements. C is an
orthogonal rotational transformation matrix from a body-fixed
reference frame to an inertial reference frame (N-frame). o is
the absolute angular velocity of a given body, expressed with

respect to its own reference {rame. o is a skew symmetric ma-
trix operation on the vector w , defined as

0 -0, wy
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T= T(co ,C)and V =V(C) are the kinetic and potential ener-
gies, respectively. When the energy terms of T or V take the
following form,

T=§Tcma)’> (3

then the notation below helps to make Eq.(1) a straightforward
and more efficient way of formulating EOMs for complex struc-
tures:
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Indeed, energy terms in both T and V can be algebraically
manipulated to take the form of Eq.(3).

Several steps are involved in using Eq.(1). The foremost is to
develop expressions for the position, p, of differential masses
in each body of the system with respect to an inertial reference
N-frame. For a body i in a group of M bodies,

p =R +CxL+CpaLy++Cnip (%)

where R, is the position of the origin of the body fixed refer-
ence frame of body 1, expressed with respect to the N-frame.
L, is the position of the (i+1)-frame origin in the i-frame, ex-
pressed with respect to the i-frame. P, is the position of a dif-
ferential mass in the i-frame, expressed with respect to the i-
frame.

Differentiation of Eq.(5) produces the following:

p -R +C\“m1L +CN7m~L +-+C @ P (6)

Here we lxmlt our discussion to rigid-body systems, and systems
in which T=T (o ,C) and V =V (C). This would encompass a
large class of problems, specifically tree-like multibody systems,
such as aircrafl, spacecraft, robots, ground vehicles, legs and
arms, or with some discretization, snake-like structures.

It then becomes necessary to perform an inner product on each
velocity expression, which is then inserted into an expression for
kinetic energy. The total kinetic energy, T, becomes

T= ZT { Jp pdm} Y

where M is the number of bodies. Considering Egs.(6) and (7),
it becomes apparent that a sizeable amount of algebra will be
required to perform the necessary operations contained in Eq.(1).
To aid in this simplification step, the following helpful identity
was introduced, although the algebra required for large problems
remains tedious. Let a and b be arbitrary (3x1) vectors, then

3 +bTa+[ba]=0. (®)

T is also substituted into Eq.(1) for each body for which the
EOMs are desired.



A_Generalized Approach for Open-Chain Multibody
Systems

Because we are working with a multibody system, it is advan-
tageous to express the velocity of the system in a “global” matrix
form, such as

p
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or in an abbreviated form
Py =Rs+Pog. (10)

We can also use another “global” form (subscript ‘G’) for
Eq.(6), such as
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Comparing Eqgs.(10) and (12), it becomes immediately apparent
that

(D?G:élfG' (13)

Notice that the total kinetic energy for the system can now be
expressed as

T:%Igg[dﬁG]EG : (14)
where [dmg] is diagonal:
[dm,] -~ 0 dm, 0 0
[dmgls :  [dm;]=| 0 dm; 0 |,(15)
0 - [dmy] 0 0 dm,

and dm; is a differential mass in body i. At this point, let the
following definitions apply:
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Substituting Eq.(12) into Eq.(14), and performing the manipula-
tions described previously by Eqs.(3) and (4), we can show the
following:
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and ‘I" 1s a (3x3) identity matrix. If Eq.(10) 1s substituted into
Eq.(14), and then into Eq.(1), the following results:
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Subtracting Eq.(18) from Eq.(21), we get
E'_E =J’¢T[dmc](i~iG+cb9G+q>m'~G). 4)

This is obtained by noting that



d+da5 +CP;QT =0. (25)
Eq.(25) represents a global form of Eq.(8), which permits a

global elimination of Coriolis terms in the EOMs. More simpli-
fication reveals the basic structure of the formulation:
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If we consider the translational EOM for the system, represented
by Lagrange’s equation, we can use the previous global expres-
sions to produce the following:
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Therefore, we can conclude that the following represents the

kinetic energy terms in the EOMs for the entire multibody sys-
tem:
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As expected, the inertia matrix is symmetric. The centrifugal
terms are included in the second term on the right side. The top
equation on the right side of Eq.(29) accounts for the transla-
tional terms, while the lower equation accounts for all of the
rotational terms of the entire system. Potential energy terms are
discussed below.

Integration takes place over the mass of the bodies of the sys-
tem, and may not be intuitive. The following general expres-
sions should apply in most cases:
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The @ matrix can also be used when working with the poten-
tial energy terms. Considering only gravity, the potential energy
can be expressed as
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where gG =1, g . Therefore, it can be shown that
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Transforming the EOMs to True Coordinates

In general, the rotational EOMs can be expressed in terms of
three difTerent types of coordinates, those being absolute quasi-
coordinates (@ ) with applied moments M . relative quasico-
ordinates ( Q ) with applied moments M s and true coordi-
nates (o ) with applied moments 7 . (e.g torques due to joint
motors and actuators). The following relationship exists be-
tween @ g and Q G

05 = ck Q. (40)
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Virtual work then provides the following relationship:
Mos =Cc™ M;. (42)
A link to true coordinates is available as follows:
96 = D‘zo , (43)
and
D, 0 - 0
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Virtual work leads to the following relationship:






to the N-frame. This is unlikely for the scope of modeling to be
done. The second set represents a B-C joint configuration which
can be considered very rare for normal cockroach locomotion. In
fact, this configuration can be avoided when processing actual
cockroach locomotion data. The D matrix can also be derived
directly from D:

J
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It is possible to define regions in the inertia matrix of Eq.(48),
and their dynamic significance:

Ry Ry R, ag Pg rvs ac Bc vc 7¥F YT

A4 B | ¢ C

A = translational dynamics of the main body,

B = coupled translational and rotational dynamics of main body,
C = leg coupling with body translation,

D = rotational dynamics of main body,

E = leg coupling on body rotation,

F = rotational dynamics of individual leg.

Now our desire is to define the EOMs for a tree-like structure,
which, in this case, means a system in which several multibody
“appendages” extend from a common central body. In order to
model a cockroach, we would have six legs attached to a central
body. Eq.(48) provides the EOMs for one leg and can be used to
construct iteratively the EOMs for the full body. This can be
demonstrated by considering the full body inertia matrix, which
can be expressed as
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GEOMETRY AND DEFINITIONS
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where j=1,2,...6,

AJ’ R Bj’ R D} = same as above but using

Miody = %(mbody)-

Therefore, as the full body EOMs are constructed, the entire
mass of the body (mpody) Will be accounted for as the leg effects
are summed. The body mass does not appear in the terms for
the individual legs, C;, E;, and F;. Given this, it is possible to
propose an algorithm that first develops Eq.(48) for each leg,
and inserts regions of the leg inertia matrix into the appropriate
regions in the full body inertia matrix, with summation taking
place within the main body terms only, as shown in Eq.(53).
This type of algorithm can also be employed when constructing
the other portions of the full body EOMs. Figure 3 depicts a
vector based representation of the Blaberus cockroach that was
modeled.



NUMERICAL RESULTS

Background
Because of the primary emphasis of this paper, ground inter-

action is not covered in detail. A force model was used to
simulate the ground. Foot position was tracked and foot forces
were generated based upon the foot’s position (and velocity)
relative to the ground vertically, and relative to the original point
of contact laterally and longitudinally. This method was flexi-
ble, in that the above EOM algorithm could be used without
modification. The foot forces produce generalized torques and
also act directly to affect the translation of the main body. The
results of using this method were excellent. Slippage, using
static and kinetic coefficients of friction, could also be simu-
lated. This created more realistic ground interaction Kinetics by
disallowing an infinite static friction coefficient.

All masses and lengths were taken directly from the Blaberus
discoidalis cockroach. Inertias were derived by using rods to
model femurs and tibias, and semiellipsoids to model coxas.
Inertias for the main body were derived based upon the dimen-
sions and locations of the various thoracic segments, the head,
and the abdomen. High-speed video of the insect, at approxi-
mately 200 frames per second, was digitized in two views
(lateral and ventral). This data was then used to reproduce the
true joint angles versus time for various gaits of the animal.
Therefore, the full body EOMs could be driven based upon ac-
tual insect locomotion using PD feedback control on each joint.

Preliminary Results

One of the primary results that has helped to validate the
model deals with leg function. It has been shown using force
plate measurements that the front, middle, and back legs of the
roach each perform specific functions during locomotion (Full et
al., 1991). When considering forward, or longitudinal locomo-
tion at constant speed, the front legs serve to brake, or decelerate
the body, while the back legs serve to accelerate the body. The
middle legs perform a combination of both functions, initially
decelerating and then accelerating. This phenomenon has been
realized in the simulation.

The plots of Figure 4 indicate ground reactions for one stance
interval. The lower traces in each plot show longitudinal reac-
tions, while the upper show vertical reactions. If one considers
the impulse during stance due to these longitudinal reactions, the
following results are produced.

Longitudinal Reacti
J'( ongitudinal Reac IOHJ - —48.1(Cm g)
Front Leg s

J-(Longitudinal Reaction) - 04 (cm g)

Middle Leg s
Longitudinal Reacti
J‘( ongitudinal Reac xon) - 49.8((;“1 gj
Back Leg s

It should be noted that this result comes from actual cockroach
locomotion, which accounts for much of the “noise” and other
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FIG. 4 LEG FUNCTION OBSERVED IN SIMULATION
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variability 1n the data. This preliminary result serves to verify
this simulation in part.

Insight has also been gained into how a cockroach-like hexa-
pod could minimize joint torques. Simulating a standing roach
has revealed a well defined relationship involving joint control-
ler stiffness, ground reactions, and joint torque effort (15 I5)
In the approach described in this paper, a controller with infinite
stiffness would drive joint angle error to zero and produce purely
vertical ground reactions at the feet. This results in large joint
torque effort in each leg. By lowering controller stiffnesses, the
Jjoint torque efforts drop dramatically. At the same time signifi-
cant lateral and longitudinal ground reactions result, which tend
towards the main body. Further relaxation of the controller
stiffnesses will actually increase joint torque efforts. Therefore
a minimum state exists. The data in Table 1 demonstrates this
for the front legs.

CONCLUSIONS
A general formulation for open-chain multibody structures has
been applied to the locomotion of a cockroach. The formulation




TABLE 1 TORQUE EFFORT
IN STANCE WITH VARIOUS

CONTROLLERS
Awerage Torque
Position Effort

Error (deg)
0.001 41.7
0.015 275
0.084 21.0
0.230 21.6
0.525 22.7
0.962 25.1

is compact and easily implemented, providing an efficient means
of constructing the equations of motion for any general tree-like
multibody structure. The formulation method is especially well
suited for computer coding. As an example, a simulation was
written using this method which models the locomotion of a
Blaberus discoidalis cockroach. A force model was used to
simulate contact with the ground, which included static and ki-
netic frictional effects. Joint angles are acquired from high-
speed video of the roach, and output from the simulation in-
cludes body motion, joint torques, and ground reaction forces.
Preliminary numerical results have agreed with experimental
observation of the animal.

This formulation could be used to model all types of pedal
systems, such as bipeds, quadrupeds, etc. It is also well suited
for manipulators using revolute joints, or, by employing some
form of discretization, flexible structures like snakes. One goal
of this research is to use this simulation in aiding the design and
construction of a cockroach-like robot.
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